In a metabelian p-group in which the pth powers generate a subgroup of order p, the elements of order p generate a subgroup of index at most pp. This is best possible.
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ABSTRACT.
In a metabelian p-group in which the pth powers generate a subgroup of order p, the elements of order p generate a subgroup of index at most pp. This is best possible.
1. Let p be a prime number and for any p-group G write n"(G) = (x\x G G, xp" = 1), Ü"(G) = (xp" \x G G) (n > 0). Although these subgroups are the objects of the study of the power structure of p-groups (see, for example, Mann [4] ), very little is known about them in general. In the metabelian case, however, there is an explicit formula for a power of a product, so it is to be expected that more can be said. In this note we prove the following:
Let G be a metabelian p-group and suppose that |Ui (G)| = p. Then \G : fii(G)| < pp. This result is best possible.
Some consequences of this result are discussed in [1] . We use standard notation [2] . 2 . To obtain the bound we prove the following. LEMMA 1. Suppose that P is a p-group of class at most p, and that \U i (P) \ = p.
Then K2(P) is of exponent at most p and \P : fh(P)| < pP.
PROOF. The class of P' = K2(P) is less than p, so P' is regular. Since |c5i(P')| < p, it follows that \P' : fii(P')| < p. Thus K3(P) < fii(P') and the exponent of K3(P) is at most p. For elements x,y of P the class of (x,y) is at most p. Hence the class of H = (x, [x,y]) is less than p and H is regular. Hence
where ueüj(77').
But 77' <7i3(P),sou= 1. Since Ui(P) < Z(P),
Thus [x,y]p = 1 and K2(P) is of exponent at most p. We prove that |P : üi (P)| < pp by induction on |P|. We suppose that the class of P is exactly p; otherwise P is regular and |P : Hi(P)| = p. If the centre of P contains an element v of order p for which v £ U i (P), the inductive hypothesis may be applied in P/(v). Thus \P : R\ < pp, where R/(v) = iîi(P/(v)).
But if x(v) is an element of P/(v) of order p, xp G (v) nOr(P) = 1, so ß = fii(P). We may, therefore, suppose that Ui (P) is the only subgroup of the centre of P of order p; in particular, U1(P) < KP(P) and KP(P) is cyclic. Since P' is elementary abelian, it follows that 7Ap(P) = <J,(P). Now P' < fii(P) and P/S7i(P) is a vector space over GF(p).
It is to be proved that the dimension is at most p. Suppose not. Then there exist elements Oi,... ,Op+i of P which are linearly independent modulo fii(P); that is, Then such a commutator is of the form z > " i»+i , where £ is independent of Ai,..., Ap+i and k\ +-h kp+\ = p. Also ap = zv' since ^i(P) = Kp(P), and by where f(t\,..., ¿p+i) is a homogeneous polynomial of degree p with coefficients in GF (p). By a well-known theorem of Chevalley, there exist A i,..., Ap+1, not all zero modulo p, for which /(Ai,..., Ap+i) = 0 (p), a contradiction.
THEOREM 2. Suppose that P is a p-group for p < 3. If |01(P>)| < p, then |P:fii(P)|<Pp.
PROOF. If the class of P is less than p, the assertion follows from the regularity of P, so we suppose that the class of P is at least p. For p = 2, P/Ul(P) is elementary abelian, so the class of P is 2 and the assertion follows from Lemma 1.
Suppose that p = 3. Then for any elements If Ü,(P) i 7í3(P), then K4{P) < U,(P) n 7v3(P) = 1 and the class of P is 3. Suppose, then, that 15,(P) < 7A3(P). Then P/P' is elementary abelian. Since P' < fii(P), P/P' = (Ü^PyP1) x (T/P') for some T. Now ÜX(T) <Ül{P)nT = P', so fi, (T) = P'. Since |P:n1(P)| = |T:P'| = |T:n1(T)|, it is to be proved that |T : fîi(T)| < pp, and we do this by applying Lemma 1. Thus it must be shown that the class of T is at most 3, and we do this by applying a result of Heineken It is not known if the condition p < 3 in Theorem 2 can be dropped, but this can be done with an additional assumption which is more general than being metabelian. THEOREM 3. Suppose that P is a p-group in which [K2(P),Ki(P)] < Kl+3(P)ZP^1(P) fori = 2,...,p-l.
If |Oi(P)| < p, then the class of P is at most p and \P : ili(P)| < pp.
PROOF. In view of Theorem 2 we may suppose that p > 2. Suppose that 2 < j < p -1. For a G Kj(P) and x, y in P, we have
Thus by the Witt identity p-i Replacing x by x\ ■ ■ ■ xp_i, it follows that (2) ]\{z,y,xli,...,xlp_l}GKp+2 (P) for all z,y,x\,.. .,xp-\ in P. Putting x\ = 1, we see that the product of those factors in (2), for which no ik is equal to 1, is 1. Removing all such factors from (2), we see that (2) remains true if the product is taken over those factors for which at least one ik is equal to 1. We now repeat this argument on the formula thus obtained for the suffix 2, then for 3, and so on. The conclusion is thereby reached that (2) is valid if the product is restricted to those suffixes for which i\,..., tp_ i is a permutation of 1,2,... ,p -1. By (1), \z,y, x\,... , xp_i](p_1)! G Kp+2(P). Since P is a p-group, [z,y,xi,...,xp-.i] G KP+2(P). Thus 7fp+i(P) < 7fp+2(P) and 7fp+i(P) = 1. The class of P is thus at most p. By Lemma 1, |P : Qi (P)| < pp. COROLLARY 1 (cf. MEIER-WUNDERLI [5] , MEIXNER [6] ). If P is a group of exponent p in which [7Í2(P), Ki(P)\ < 7v¿+3(P) for all i = 2,... ,p-1, the class of P is at most p. COROLLARY 2. Suppose that P is a p-group and that |0,(P)| < p. If P" < Z(P) and Kp_i(P) < Z(P'), then \P : Oi(P)| < pp. In particular, this is so if P is metabelian.
3. We shall show that Theorem 3 is best possible by constructing a metabelian p-group G in which |Oi(G)| = p and |G : ÍT,i(G)| = pf. Our group is similar to one constructed by G. E. Wall [7] , but our method of calculation is different. We shall use the fact that in any metabelian group, n n-1n-1
this is proved by a routine induction on n. To construct the example, we start with the free group with p generators in the variety of groups of class at most p in which the derived group is elementary abelian. This may be constructed as follows. Let E be an elementary abelian p-group with Zp-basis 0 = {(hj\n,---,rp)\l < i < j <p, 0 < rk, rt-{-\-rp <p-2}.
The group E has automorphisms £i,..., £p given by In G we now add the relations (i, j, r,,..., rp) = 1 for each element (i, j, r¿,..., rp) in fi for which Ti + ■ ■ ■ + rp = p -2 and which does not arise in this way. Since no two distinct monomials give rise to the same element of fi, we now have
where the product is taken over all monomials of degree p other than the tp, and the b(n\,..., np) are not divisible by p.
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